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This note will concern properly discontinuous actions of subgroups in real algebraic groups 
on contractible manifolds. Let (r, X, p) be such an action, where p : TT + Diff(X) is a homomorph- 
ism. We assume that p extends to a smooth action of a real algebraic group G containing n. If 
such n has a nontrivial radical (i.e., unique maximal normal solvable subgroup), then we can 
apply the method of Seifert construction [14], [ 171 to yield that the quotient a\X supports the 
structure of an injective Seifert fibering with typical (resp. exceptional) fiber diffeomorphic to a 
solv (resp. infrasolv)manifold (when n acts freely). When G is an amenable algebraic group, 
we can say about a uniqueness property for such actions. Namely, let (n-,, X,, p,) be actions as 
above (i = 1,2). Then, given an isomorphismfof rrr onto n2, there is a diffeomorphism h : X, + X, 
such that h(p,(r)x) =p*(f(r))h(x). 
As an application, we try to decide the structure of affine motions of some euclidean space W”. 
First we verify the conjecture of [ 17, $ 51, i.e., a compact complete affinely flat manifold admits 
a maximal toral action if its fundamental group has a nontrivial center. Second, a compact 
complete affinity flat manifold whose fundamental group is virtually polycyclic supports the 
structure of an infrasolvmanifold. This structure varies depending on its solvable kernel (if it is 
abelian or nilpotent, it must be a euclidean space form or an infranilmanifold respectively). If a 
group of the affine group A(n) acts properly discontinuously and with compact quotient of R”, 
then it is called an affine crystallographic group. Finally, we can say so far as to a uniqueness 
property that two virtually polycyclic affine crystallographic groups are conjugate inside Diff(lW”) 
if they are isomorphic (cf. [8]). 
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Introduction 
The purpose of this note is to study properly discontinuous actions of subgroups 
in real amenable algebraic groups on contractible manifolds. We investigate mainly 
their fiber bundle structures of quotient spaces and uniqueness properties in Ei 1 and 
§ 2. 
Theorem 2.2. Let T act smoothly, properly discontinuously on a contractible manifold 
X. Assume that there is a real amenable algebraic group G in Diff(X) containing T. 
Then 
(i) if T is torsion free, then TI-\X is difleomorphic to an infrasolvmanifold 
(ii) if there are two such actions p, : ri c G c Diff(X), and if f: rr, + rr2 is an 
isomorphism, then there exists h E Diff (X) for which p2 0 f = h 0 p, 0 h -‘. 
The theorem and its proof can be adopted to study properly discontinuous actions 
of subgroups in the n dimensional affine group A(n). (See Corollaries 1.4, 2.3 and 
2.4.) For definitions and related works of affine actions, we refer to [2], [8], [9], [lo], 
[ 111, [ 161, [ 181. Our method to proof is based on that of injective Seifert fibering by 
Connor and Raymond (established by K.B. Lee and themselves). (See [6], [17].) 
The author would like to express his thanks to Professor Frank Raymond for his 
valuable suggestions, and also Professor Kyung Bai Lee who pointed out an error 
in the first draft of the paper. 
1. Injective Seifert fiberings of properly discontinuous actions 
We prepare some facts from the standard theory of algebraic groups (cf. [S], [12], 
[19]). Let G be a group of GL(n, R). Let A(G) be the Zariski closure of G in 
GL(n, C) and put A( G)R = A(G) n GL( n, R). In general, if H is an algebraic 
subgroup of GL(n, C), then HR is a real algebraic subgroup of GL(n, R). If A,,(G) 
is the real algebraic closure of G in GL( n, R) (see [l] for the definition), then it 
follows that Ah(G) = A(G),. 
Lemma 1.1. 
(1) 4G GIR=[AG,A'~ 
(2) Zf G’ is a normal subgroup offinite index in G, then A(G)kc A(G’),, where 
A(G): is the identity component of A(G),. 
Proof. It follows from [5, Corollary 1, p. 1 lo] that A[G, G] =[AG, AG]. And so, 
[AG,, AGR] c A[G, GIR. Since [AG,, AG,,] is an algebraic group containing [G, G], 
we have [AG,, AGJ = A[G, G],. For (2), A(G’) being normal in A(G), there is 
the [W-morphism rr : AG + AGIAG’. AG/AG’ is the Zariski closure of VG = G/G n 
AG’ (see [5, (f), p. 1051). TG is finite and thus AG/AG’ is finite. Then it follows 
from [5, Proposition, p. 861 that AGO c AG’. And hence AG: c AGL. 0 
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We shall exhibit fiber bundle structures of discrete subgroups of algebraic groups 
and characterize those fibers. 
Lemma A. Let rr be a group that acts smoothly and properly discontinuously on a 
smooth contractible manifold X via a homomorphism p : n- -+ Diff (X). Assume that T 
has an exact sequence 1 + r + rr + Q + 1 such that there is a push out TS de$ned by 
the commutative diagram below with all vertical arrows monomorphisms, 
1-S -US-Q- 
where S is a connected simply connected solvable Lie group and r is a lattice. And 
(T, X, p) extends to an action of rrS (which we write also (TS, X, p)). Then 
(i) there is a properly discontinuous action of Q on some contractible manifold W 
via a homomorphism p’ : Q + Diff( W). 
(ii) if TI- torsion free, then there is an injective Seifertfibered space t..~ : rr\X + Q\ W 
with typical jiber diffeomorphic to the solvmanifold r\S and its exceptional Jiber is 
diffeomorphic to an infrasolvmanifold. 
Proof. As r\S is compact, it is easy to see that r acts properly discontinuously if 
and only if S acts properly. And thus S acts freely since it is simply connected. Put 
S\X = W. Then we have an equivariant (principal) fiber bundle 
(r, s) - (r,X)- p (Q, W. 
Let p’: Q + Diff( W) be an induced action from (rr, X, p). It follows that P(p( r)x) = 
p’( p( r))P(x) for r E T, x E X. Consider the following commutative diagram 
Q Q 
1 I 
i-p + r\xA s\x = w 
I 71’ I ” 
?r\xG d\X = Q\ W. 
If we check that (Q, W, p’) is properly discontinuous, then by the definition [17] 
p: r\X + Q\ W is an (iterated) injective Seifert fibering. We first show that Ker p’ 
is finite. Let Q,,, be the isotropy subgroup of the action (Q, W, p’) at w E I+! Then, 
p’-‘(w) is a Q,-invariant submanifold in r\X. When we note that the induced 
action of Q is properly discontinuous on r\X, Q,+ acts properly discontinuously 
on p’-‘( ) h’ h. d’ff w w IC IS 1 eomorphic to r\S and so Q,,, is finite for each w E W. Hence 
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Ker p’ is finite. Next, choose a section s: W + X. Then, the action (rr, X, p) can be 
described explicitly as the form 
P(r)(s(w)) = P(x(~)(P’(a)w))s(P’(~)w) 
where p(r) = (Y and x is a function of Q into Diff( W, S) (for more details we refer 
to [6] [17]). Choose a neighborhood p( U,)s( V,) in X of a point s(w) E X which 
satisfies ‘properly discontinuous’ for the action (r, X, p). We may assume that U, 
is the fundamental domain of S and V, is a neighborhood with compact closure. 
By definition, it suffices to show that {cz E Qlp’(a) V, n V, # C#J} is a finite set. Assume 
that there exists {~‘(a~)} (i = 1, 2, . . .) such that p’( a,)z E V, for some z E V,,,. Take 
ri such that p(r,) = (Y~ Then we have p(r,)s(z) = p(~(c~~)(p’(cr,)z))s(p’(a~)z). If we 
note that ,~(q)(p’(a~)z)~ n,U, for some niE r, then it follows that p(n;‘r,)s(z)~ 
p( U,)s( V,). And thus the set {p(n;‘r,)} is finite so that {~‘(a~)} is finite. This proves 
(i). 
For (ii), assume that rr is torsion free. We have shown that p : T\X + Q\ W is 
an injective Seifert fibering with typical fiber diffeomorphic to the solvmanifold 
r\S. If V(W) E Q\ W (w E W) is a singular point (i.e., the case that Qw is a nontrivial 
finite group), then p-‘( V( w)) is called an exceptional fiber. In that case, there is a 
push out induced from the inclusion i: Qw + Q, 
1-S + r(w)S- Qw - 1. 
rr( w)S acts on P-‘(w) via p. S acts simply transitively and K, the isotropy subgroup 
of rr( w)S at a point in PP’( w) is isomorphic to Q,+,. Hence, rr( w)S acts properly 
on P-‘(w). V(W) being torsion free, we have a diffeomorphism of a( w)\m( w)S/ K 
onto rr( w)\P-‘( w). If we note that a( w)\P-‘( w) = EL’-‘( w)/Q, = /--I( V( w)), then 
its exceptional fiber is diffeomorphic to an infrasolvmanifold ~(w)\r(w)S/K (cf. 
[4]). This completes the proof of Lemma A. 0 
As an application of Lemma A, we can verify the conjecture concerning the 
existence of toral actions (see [ 17, § 51) for complete affinely flat manifolds with 
indecomposable fundamental groups. 







If K does not have such a decomposition, it is said indecomposable (see [22]). 
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Lemma 1.2. Let rr be a finitely generated group acting properly discontinuously by 
a&e transformations of some euclidean space R” via a homomorphism p : rr + A(n). 
If the quotient space r\[W” is compact, then p(n) is indecomposable. 
Proof. Assume that p(v) is decomposable. Then it is easy to see that there exists 
an equivariant projection P : (p(r), R”) + (H, Rm) for some m s n, where H is an 
indecomposable subgroup of A(m). Let p, : p(x)+ H be the canonical projection. 
Kerp, has a fixed point at the origin of I%“. Since v acts properly discontinuously, 
Ker p, is a finite group. In particular, H acts properly discontinuously on [Wm. When 
we note that p(v) is a finitely generated group in GL(n + 1, R), it follows from [20, 
Lemma 81 that p(n) has a torsion free normal subgroup rr, of finite index in it. 
And thus, rr, is isomorphic to p,( n,). Then we have two closed aspherical manifolds 
~,\I%” and pl(~l)\Rm. And hence n = m or p(v) is indecomposable. 0 
In the proof of Lemma 1.2, we note the fact that given a complete affinely flat 
manifold M there exists a complete affinely flat manifold N homotopy equivalent 
to M such that n,(N) is indecomposable and dim N5dim M. The following 
proposition has been proved for the case when M is compact in [3]. 
Proposition 1.3. Let M be a complete afinelyflat manifold whose fundamental group 
V,(M) is indecomposable. If n,(M) h as a nontrivial normal abelian subgroup, then 
M supports an injective Seifert fibering with typical fiber diffeomorphic to a k-torus for 
some k> 0. In particular, if v,(M) has a nontrivial center, then M admits a maximal 
toral action, i.e., an effective Tk action where k is the rank of the center. 
Proof. If M is an n dimensional complete affinely flat manifold, then M = r\[w” 
where 7~ is a subgroup of A(n) that acts freely and properly discontinuously. Let 
G be a normal abelian subgroup of 7-r and A( G)R its algebraic closure in GL( n + 1, R). 
Since r normalizes A(G),, we have a push out 
l- G- 7r -Q-l 
I I 
1 - A(G)w - rA( G)R ----+Q-1. 
We note that rA( G)R acts as affine transformations of R” because A( G)R sits inside 
A(n). rA(G), is indecomposable since so is rr. Then it follows from [22, theorem 
121 that A( G)R has all eigenvalues one. Furthermore, using [ 13, theorem 12, p. 501, 
we obtain that A(G)@ is connected. A(G) R is a unipotent abelian algebraic group 
and hence isomorphic to a vector space. Since r acts properly discontinuously, rr 
is discrete in A(n) and so is G in A( G)R. Then it follows that G is finitely generated 
and G\A(G), is compact and isomorphic to a k-torus Tk where k = rank of G. 
Then by Lemma A, M has the structure of an injective Seifert fibering. In the case 
that G is a center of 71; it is known in [7] that rr\R” = Tk xo W admits an effective 
Tk action. 0 
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Combined with Lemma 1.2 and the result of [7], we have the following (cf. [16]). 
Corollary 1.4. A compact complete ajinelyjat manifold admits a maximal toral action 
if and only if its fundamental group has a nontrivial center. 
Lemma B. Let (n, X, p) be as in Lemma A satisfying that [I-, IJ is uniform in [S, S]. 
Let (rr,, Xi, p,) be two such actions (i = 1,2) and f an isomorphism which makes the 
diagram below commutative 
wheref, the restriction off to r,, is an isomorphism. Assume further for the actions 
(Qi, Wi, pi) obtained in Lemma A that there is a diffeomorphism h’: W, + W, forf 
such that h’(p{(a)w) =p;(f”(cu))h’(w) for a E Q,, WE W,. Then, there exists a 
difleomorphism h:X,-+X2 for which h(p,(r)x)=p2(f(r))h(x) for rEn,, XEX,. 
Proof. Put A = [S, S] n I-( = [S, S] n TT since S n r = r). We note that [S, S]/ A is 
also compact and A/[r, T] is finite. Then the push out of Lemma A splits into the 
following ones: 
l- A-T--+ n/A -1 
l- [S,S]- 7rs - xS/[S, S] - 1 
l- -Q-l 
It follows that T/A is a discrete uniform subgroup of S/[S, S] since so are (r, S) 
and (A, [S, S]). The coset space is isomorphic to a torus. Then the equivariant fiber 
bundle (r, X, p) + (Q, W, p’) of Lemma A splits into the corresponding ones to 
the above push outs: 
p,:(r,X,~)+(nlA, V/J) 
and 
pz:(rlA, V,PL)+(Q, WP’), 
where V = [S, S]\X and that p is extended to an action of vS/[S, S]. Then we need 
the following. 
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(1.5). Let r, c Si be as above. Assume that there is a connected simply connected closed 
subgroups N, of S, containing [r,, L’,] as a discrete uniform subgroup and r, normalizes 
N, respectively. Then any isomorphism of r, onto r, induces an isomorphism of N, n r, 
onto N, n TZ. 
This follows similarly as in the argument of [19, p. 501. 
Proof of (1.5). First note that N, n T,/[T,, r,] is finite. Let g be an isomorphism of 
r, onto r,. g induces an isomorphism of [r,, r,] onto [r2, r,]. Consider the subgroup 
L, in S2 generated by N2 and g( N, n r,). Since r, normalizes N2, Nz is a normal 
subgroup of L,. L2/ N2 is isomorphic to g( N, n r,)/ NZ n g( N, n r,) which is finite. 
N, being simply connected solvable, any finite extension of N, splits. Since L, c S2 
is torsion free, we have g( N, n r,) = N, n g( N, n r,) c N2 n r,. The same argument 
can be applied to g-’ and yields that g( N, n r,) = N2 n r,. 0 
Now, given an isomorphism f: m-, + n2 satisfying the hypothesis of Lemma, apply 
(1.5) to f and [S, S]. Then f induces the commutative diagram of exact sequences, 
I- A, - rr, - ~,/a, + 1 
1+ r,/a, - ~,/a, - Q,- 1 
I j? I / I .f” 
1 d r;/a, + nz/ 4 + Q2 + 1. 
Then the existence of such a diffeomorphism h of X, onto X, can be shown by 
applying the result of [ 141, [ 171 to f’ ( ri/A, abelian kernels) and next to j ( Ai, 
nilpotent kernels). This completes the proof of Lemma B. 0 
2. Application to discrete subgroups of algebraic groups 
Proposition 2.1. Let T be a discrete subgroup of a real algebraic group G. Assume 
that there is a unique maximal normal solvable subgroup r of finite index in TT (cf 
[ 19, Corollary 8.61). Then rr has the following properties. 
(i) there exist some positive integer n and an injinite sequence of positive integers 
i = 0 mod n such that r has a torsion free characteristic polycyclic subgroup r’ offinite 
index in r and there is a connected simply connected solvable Lie group S’ for which 
r’ (resp. [ri, r’]) is unzform in S’ (resp. [S’, S’]). Furthermore, any isomorphism of 
two such rj (j = 1,2) induces an isomorphism of I-; onto r; for each i. 
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(ii) r has a push out rrS’ c G for each i, 
1-r’- $r - n/r’- 1 
(iii) there exists a solvable Lie group S with finitely many connected components 
such that T/S is compact and T has a push out as above. 
Proof. AT, n TT is a normal solvable subgroup of r containing lY It follows that 
AI’, n T = lY In particular, we have A[T, r], n TT = A[T, r], n T. Consider the fol- 
lowing commutative diagram of exact sequences with all vertical arrows 
monomorphisms: 
1 -----+A[T, r], -AnR AAqJA[T, r], - 1 
A real algebraic group has finitely many connected components. Then it follows 
from [12, theorem 3.2., p. 2201 (also, cf. [ 19,2.4. p. lo]) that [AI’,, AT,] ( = A[& r],) 
is connected and simply connected. It is known that ATi = U >a T where U is the 
unipotent radical and T is a reductive abelian group. And thus A[r, r], is a 
connected simply connected nilpotent Lie group which contains [r, r] as a discrete 
uniform subgroup. Since A[T, r], n r is also discrete uniform in A[& r],, it follows 
that pT is discrete in AT,/A[I’, r],. Any discrete solvable group of G is virtually 
polycyclic by the result of Wang (cf. [21, Proposition 4.11). And a virtually polycyclic 
group contains a characteristic polycyclic subgroup of finite index. Then by using 
[19, Lemma 4.4, p. 571 it is easy to see that the subgroup r” of r generated by 
{ rnJ I E r} has finite index in r for any positive integer n. 
Since pr is a finitely generated abelian group of AT,/A[T, r],, we can find some 
positive integer n such that p(T”) is torsion free and has finite index in pr r’ has 
finite index in r for each i = 0 mod n. Consider the following exact sequence 
I+ A[ T, rlw n AT,/ NT, rl, + AT,/ NT, rl, + ATOX/& ~3 SIR 
It follows from the structure theorem that AnR = U x M where M is a maximal 
reductive subgroup. As r has finite index in rr by our assumption, we see that 
AT: c AT, from Lemma 1.1 (2). And thus M is the semidirect product of T and 
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a finite group. When we note that the center of A4 is a torus (cf. [12, Theorem 4.4, 
p. 224]), it is easy to see that A[n, rrlW ( =[AnR, An,]) is a finite extension of a 
simply connected solvable Lie group. And thus A[YT, nlR n AT,/A[L’, l-1, is the 
semidirect product of a vector space and a finite group. Then take W’, a linear span 
of p(T’) in AL’,/A[T, LJ, so that its subspace is just the linear span ofthe intersection 
of p( r’) with (A[ n, 7~1~ n AL’,/A[I’, r],)“. 
Put S’ = pm’( W’) c AT,. Then S’ is a connected simply connected solvable Lie 
group containing r’ as a discrete uniform subgroup. 
Given an isomorphism f of r, onto r,, it is obvious that f(ri) = r:. And thus, 
r’ is a torsion free characteristic polycyclic subgroup of finite index in I-. Since 
AricArk, we have S’ c AT;. And hence [Si, Si] contains [r’, ri] as a discrete 
uniform subgroup for each i. This proves (i). 
p(T’) being normal in p( 7r), it is easy to see that p( rr) normalizes its span W’. 
And thus rr normalizes S’. Then we have a push out 
1 - S’ - ?rS’ -+ dr -+ 1 
satisfying that TS’ c Ana c G. 
For (iii), take an abelian Lie group W in AT,/A[T, r], such that W/pT is 
compact. Then S = pP’( W) has the desired property. 0 
Theorem 2.2. Let (rr, X, p) be a smooth properly discontinuous action on a contractible 
manifold X via a homomorphism p : TT + Diff (X) such that the quotient space n\X is 
compact. Assume that there is a real amenable algebraic group G containing rr on 
which p extends to a smooth action. Let (n,, X,, pi) be two such actions (i = 1,2). Then, 
(i) such d group n must be virtually polycyclic. 
(ii) if TT is torsion free, then n\X is difleomorphic to an infrasolvmanifold. 
(iii) if f is an isomorphism of rr, onto nz, then there exists a di’eomorphism h of 
X, onto X, such that 
hbl(r)x) = 02(f (r))h(x) for r E rl, x E XI. 
Proof. Since (n, X, p) is a properly discontinuous action which extends to that of 
G, rr is discrete in G. Then it follows from [18, Lemma 2.21 that 7~ is necessarily 
virtually polycyclic. Let r be a unique maximal normal solvable subgroup of n. 
Then r has finite index in rr. rr has an exact sequence 1 + r” + n + Q + 1 such that 
n is posited in Proposition 2.1 and note that Q is finite. Then we see by Lemma A 
that S”\X( = W) =pt because r\X is compact, and if n- is torsion free, r\X is 
diffeomorphic to an infrasolvmanifold r\rrS”/ K. 
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Let (mi, X,, pi) be as above. If 1, m are integers posited in Proposition 2.1 for r,, 
r, respectively, then we have push outs 
1 - ri - ?T, - 
L I 
7T,/rjm __f 1 
I 
Im 1 - S; Im - 7T,si - 7Ti/l-fm - 1. 
As f is an isomorphism of rr, onto 7~~, it follows from uniqueness that f (r,) = I’,. 
Furthermore, we have f (rim) = ri"' by (i) of Proposition 2.1. Since ,,/rfm are finite, 
(r/Tim, pt) satisfy the assumption of Lemma B obviously. And hence we apply 
Lemma B to the actions (rTT,, Xi, pz) to yield the result. 0 
If a group of A(n) acts properly discontinuously and with compact quotient of 
R”, it is called an affine crystallographic group (cf. [S]). As a consequence of theorem, 
we have the following corollaries (these results have been obtained recently by Fried 
and Goldman [8]). 
Corollary 2.3. Let M be a complete afinely jlat manifold whose fundamental group 
is virtually polycyclic. Then there is a smooth deformation retraction of M onto a closed 
submanifold dlxeomorphic to an infrasolvmanifold. In particular, if M is compact, then 
it is dlxeomorphic to an infrasolvmanifold. 
Corollary 2.4. Two n dimensional virtually polycyclic afine crystallographic groups are 
conjugate inside Diff(R”) if they are isomorphic. 
Proof of corollaries. Let 7r be a discrete subgroup of A(n). Then we take G to be 
Am. We prove that G is amenable. Let r be a unique maximal normal solvable 
subgroup of m. Then r has finite index in m. It follows from (2) of Lemma 1.1 that 
Got AT,. Since Go has finite index in G and is solvable, G is amenable (cf. [IS]). 
This proves Corollary 2.4. As before, there is a push out 
i-P-+ T -F-l 
I I I 
1 - s’ - %-s’ -F-l. 
where vS’ c A( 7r)w c A(n). Note that &’ is the semidirect product S’ ~1 F. Then F 
has a fixed point x in R” (cf. [ 18, Lemma 2.31). By Lemma A, we have an equivariant 
fiber bundle (ri, Si) + (r, R”) z( F, W). Then P(x) E W is a fixed point of E An 
equivariant inclusion of (F, P(x)) into (F, W) induces such one of (r, P-‘( Px)) 
into (r, R”). And thus it follows from Lemma A that M = v\R” has a deformation 
retract r\P-‘(Rx) diffeomorphic to an infrasolvmanifold 7r\S >a F/F. This proves 
Corollary 2.3. Cl 
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